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. Abstract. Here we study the projective geometry of smooth models Xn Q IP of plane Suzuki 

^ I curves Sn ■ The knowledge of a system of generators for the Weierstrass semigroup at the only 

. . singular point of the curve is shown to have relevant geometric consequences. In particular, 

' here we explicitly count the hypersurfaces of containing and provide a geometric char- 

ed . acterization of those of small degree. We prove that the characterization cannot be extended to 

higher-degree hypersurfaces of P"*. 



1. Introduction 

^ . Let n > 2 be an integer and let go and q be defined by go : = 2", g : = 2gQ. Let Fg denote the 

i finite field with g elements and fix any field F containing Fg . For the rest of the paper, F will 
CN I be the base field. Given an integer r > 0, we denote by P'' the r-dimensional projective space 
over F. The projective plane will be referred to homogeneous coordinates (x: y : z). 

The Suzuki curve Sn ^ associated to the integer n is defined over F by the following 
affine equation: 

y1 -y = x1°{x'i -X) 



(N 



\ (see IITl, Example 5.24). This curve is known to have only one point lying on the hyperplane 
. -"^ ■ at infinity {z -Q}, namely, Poo := (0 : 1 : 0). This point, at which Sn has a cusp, is also the only 
singular point of the curve. The genus of Sn (i-e., by definition, the geometric genus of its 
normalization) is known to be gn '■- qoiq - 1). 

1.1. Main references on Suzuki curves. Suzuki curves are studied in depth throughout 
the book [7]. The are very interesting from a geometric viewpoint because of their optimality 
(Chapter 10) and their large group of automorphisms (Theorem 11.127 and, more generally. 
Section 12.2). Relevant properties of the Suzuki group date back to fSl. A comprehensive view 
on Suzuki curves and their quotients is given in [3|. On the same topics see also [8| and [10], 
Chapter V. More recently, the p -torsion group scheme of Jacobians of Suzuki curves has been 
studied in [1]. 
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Interesting applications of Suzuki curves in geometric Coding Theory have been success- 
fully considered in |6| and in [9|, computing also the Weierstrass semigroup associated to 
pairs of points of S„ ([9], Section III). 

1.2. Layout of the paper. Here we consider a Suzuki curve as defined above, and its 
normalization n : Cn —^Sn- The normalization morphism, n, is known to be injective. In 
Section [2] we study linear systems of the form |m7r"-'^(Poo)|, m e Z>o. In particular, we give 
necessary and sufficient conditions for |m7r~^(Poo)l to be very ample. The smallest integer m 
with this property is g + 2qo + 1. Moreover, the morphism induced by |(g + 2qo + l)7r~^(Poo)l 
embeds C„ into P^. The curve obtained in this way, denoted by X„, is a smooth model of S„ 
in P^. The goal of the paper is to study the projective geometry of More precisely, we are 
interested in explicitely counting the hypersurfaces of containing X„ and describing those 
of small degree. Our main result is the following one. 

Theorem (see Theorem [27] and Corollary [28b . Let X„ be the curve defined above and let 
gn = <1o(q - 1) be its genus. The following facts hold. 

(1) There exists a unique degree two hypersurface Q„ c containing X„. 

(2) Let 2 < i < go be an integer. The degree t hypersurfaces of containing X„ are exactly 
those containing Q„. Moreover, they form an F- vector space of dimension (^^*) - (*4^). 

(3) The previous result is false for t > go- Indeed, there exist at least four linearly inde- 
pendent degree go + 1 hypersurfaces of P* containing X„, and not containing Q„. 

(4) Let t > 2go + 1 be an integer. The degree t hypersurfaces of P^ containing X„ form an 
F-vector space of dimension (*^^) - t(q + 2go + 1) - 1 + 

The theorem provides an interesting geometric characterization of the small-degree hyper- 
surfaces of P^ containing X„ . Moreover it is proved that such a characterization cannot be 
extended to higher-degree hypersurfaces. 

Remark 1. Two linearly independent hypersurfaces of P"* containing and not containing 
Qn appear in [[U, page 4 (see also Example [291). 

Section [3] and Section [H are dedicated to preliminary results. In particular, in Section [S] 
we derive explicit formulas for the dimension of any Riemann-Roch space of the form L{tiq + 
2go + 1)), t e Z>o. On the other hand, in Section [4] we consider some multiplication maps 
of geometric interest, and study their properties. The computational results are interpreted 
from a geometric point of view in Section [H leading to the main goal of the paper. 

Remark 2. The linear series |(g + 2go + l)77:~^(Poo)l here considered is of deep interest in the 
literature. Its properties can be used to characterize Suzuki curves in terms of the genus and 
the number of rational points (see [[7|, Theorem 10.102). 

2. Geometry on the Weierstrass semigroup 

Given a Suzuki curve S„ and an integer m > 0, we denote by L(mPoo) the vector space of 
the rational functions on S„ whose pole order at Poo is at most m, i.e., the Riemann-Roch 
space associated to the divisor mPoo on S„. We recall that the Weierstrass semigroup H(Pao) 
associated to Poo is precisely the set of non-gaps at Poo- In other words, H(Poo) is the set of 
all the m £ Z>o such that there exists a rational function in L(mPoo)\L{im - 1)P^). 

Remark 3. Since, for any m > 0, we have < L((m + 1)P oo) - L{mPoo) ^ 1, by definition of 
Weierstrass semigroup we clearly get dimFL(mPoo) = lis £ H{Poo) : s < m}\. 
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Lemma 4 (BHl, Lemma 3.1). Let HiPoo) be the Weierstrass semigroup defined above. Then 
H(P^)^ {q,q + qo,q + 2qo,q + 2qo + l). 

Notation 5. For any {a,b,c,d)e Z^q, we set 

\\ia,b,c,d)\\:=aq + biq + go) + ciq + 2qo) + d{q + 2qo + 1). 

Notation 6. The normahzation of S„ will be always denoted by C„. It is well-known (see for 
instance [2|, Section 7.5) that C„ is a smooth abstract curve which is birational to S„. The 
normalization morphism tt : C„ ^ S„ is here injective. Hence we will simply write Pqo instead 
of7r-i(Poo). 

Here we focus on C„ curves and study linear systems on them of the form \mP oo\, providing 
a characterization of the very ample ones. 

Lemma 7. Let m be a positive integer. The linear system \mP oo\ is spanned by its global 
sections if and only if to £ HiPoo)- 

Proof. This is a well-known property of the one-point Weierstrass semigroup H(Poo) (notice 
that C„ is smooth). □ 

Proposition 8. Let to be a positive integer. The linear system ImPool is very ample if and 
only if TO e //(Poo) and m-le H(Poo). 

Proof. If ImPool is very ample, then it is obviously spanned by its global sections. Hence, 
by Lemma [7l we get to g i7(Poo)- Let r := dimFL(TOPoo) and denote by cpm '■ P'"-^ the 

morphism induced by mP oo- The linear system ItoPooI is very ample if and only if (pm is 
injective with non-zero differential at any point of C„. 

(=>) Assume that the linear system ItoPooI is very ample. In particular, (p^ must have non- 
zero differential at Poo- This implies the existence of a rational function f g L(toPoo) 
whose vanishing order at Poo is exactly one. Since to £ if(Poo), this implies to - 1 £ 

(<=) On the other hand, assume to,to - 1 £ H{Poo). We clearly have m > q + 2qo + 1. As 
in Notation [51 let n -.Cn ^ Sn denote the normalization morphism of S„. Since (x)oo = 
gPoo and (3^)00 = (q + qo)Poo (see [61, Proposition 1.3), we have {l,x,y} cL(toPoo)- Hence 
the linear system ItoPooI contains the linear system spanned by {l,^,^}, which induces 
the composition of n with the inclusion S„ ^ P^. Since Poo is the only singular point of 
Sn, the morphism cpm is injective with non-zero differential at any point of C„ \ {Pool- 
Therefore, in order to prove that ImPool is very ample, it is necessary and sufficient to 
show that dimFL((TO-2)Poo) = dimFl/(TOPoo)-2. Since to, to- 1 £ //(Poo), this condition 
is clearly satisfied. 

□ 

Remark 9. Proposition [S] shows that the smallest projective space in which C„ can be em- 
bedded by a one-point linear system ImPool is P^. 

3. RiEMANN-ROCH SPACES OF SUZUKI CURVES 

In this section we provide an explicit formula for the dimension of any Riemann-Roch space 
of the form Litiq + 2qo + l)Poo), t £ Z>o. Since the Weierstrass semigroup //(Poo) is known 
(Proposition HI), the dimension of L(mPoo) is also known, in principle, for any m > 0. On the 
other hand, deriving easy-handable expressions from the semigroup's data is not completely 



trivial. Explicit formulas and their combination are key-points in the proofs of this paper. The 
main results of the Section are Proposition [H] and Proposition [TBI whose proofs are splitted 
in some preliminary lemmas. 

Lemma 10. Let ia,b,c,d) e Z^q and let ^ < be a positive integer. The following two facts 
are equivalent: 

(A) \\ia,b,c,d)\\<t(q + 2qo + l), 

(B) a + b + c + d<t. 

Proof. Assume a + b + c + d <t. Then \\ia,b,c,d)\\ < (a + b + c + d)iq + 2qo + 1) < tiq + 2qo + 1). 
On the other hand, we may note that q > q - qo - 1 = 2(qo - l)qo + qo-l> 2tqo + t. Hence 
(t + l)q > t{q + 2qo + 1). If a + b + c + d>t then a + b + c + d>t + l. As a consequence, we get 
\\ia,b,c,d)\\ > ia + b + c + d)q > it + l)q > tiq + 2qQ + l). □ 

Lemma 11. Let (a',b',c',d') £ Z^q. Choose any integer t with 1 < ^ < go ~ 1 and assume 
\\{a',b',c',d')\\ < t(q + 2qo + l). There exists a unique 4-tuple {a,b,c,d)eZ^Q with b e {0, 1} and 
\\{a,b,c,d)\\^\\(a',b',c',d')\\. 

Proof. First of all, we prove the existence. Write b' = 2p + B, with j6 > and r e {0, 1}, and set 
a := a' + p, b := B, c := c' + p, d := d' . Now we prove the uniqueness. Assume that there exist 
(ai,&i,ci,di), (02,62,02,(^2) e Z|q such that: 

(A) 61,62 G {0,1}, 

(B) ||(ai,6i,ci,di)|| = 11(02,62,02,(^2)11, 

(C) ||(ai,6i,ci,di)||, 11(02,62,02,^2)11 < t{q + 2qo + 1). 

As in the proof of Lemma [TOl we have (t + l)q > t{q + 2qo + 1). Condition (iii) implies, in 
particular, c\,C2,di,d2 <t <qo-l. Condition (ii) is equivalent to 

(1) (ai - a2)q + (61 - 62)(g + qo) + (ci - C2)(q + 2qo) + (di - d2){q + 2qQ + 1) = 0. 

Reducing modulo go, we have d\-d2 = Q niod go- Since -go + 1 < d\,d2 < go - 1 we deduce 
di = d2. Hence equation ^ becomes 

(2) (ai - a2)g + (61 - 62)(g + go) + (f^i - C2)(g + 2go) = 0. 

Reducing modulo 2go, we obtain (6i-62)go = mod2go. Since 61,62 £ {0,1}, one gets 61 — 62. 
By substitution into equation we may write 

(3) (ai-a2)g + (ci-C2)(g + 2go) = 0. 

Reducing modulo g, we get (ci - C2)2go = mod g. Since g = 2gQ and ci,C2 < go - 1, we 
conclude ci = 02- Clearly ai = 02 at this point. □ 

Remark 12. The uniqueness argument in the proof of the previous lemma is applied also in 
im, Proposition 3.7, to get an analogous result. 

The following lemma summarizes some trivial enumeration facts we are going to apply. A 
proof can be easily obtained by induction. 

Lemma 13. Let hhe a positive integer. The following formulas hold. 

(A) L'^^Qi = hih + l)/2. 

(B) Z'l^Q = h^/3 + h^/2 + h/6. 

(C) Let be the set of all the 3-tuple (a,6,c) £ Z?.q satisfying a + b + c = h. We have 
\5-h\^ih + l){h + 2)/2. 



5 



Proposition 14. Let ^ be a non-negative integer and let gn = qoiq - 1) be the genus of the 
Suzuki curve S„ (see the Introduction). The dimension of the one-point Riemann-Roch space 
L{t{q + 2qQ + l)Poo) is given by the following formulas: 



dimFL(^(g + 2<3'o + l)foo) 



4 + 2go'+ 1) + 1 - + P V') - (V) 
^(g + 2^0 + 1) + 6 

t{q + 2qo + l) + 2-gn 

t{q + 2qo + l) + l-gn 



i^t = Q)OYt = l, 

i^2<t<qQ-l, 

ifqo<t<2qo-4, 

ift = 2qo-3, 

ift^2qo-2, 

ift>2qo-l. 



Proof. We recall (Remark (3]) that dimiFL(^(g + 2qQ + 1)) is exactly the cardinality of the set 
HtiPoo) '■= {s G -ff(Poo) :s <t{q + 2qo + 1)}. The proof is divided into five steps. 

(A) If ^ = 0, 1 the dimension is easily computed by hands (Lemma IH). 

(B) Assume 2 < t < qo - Combining Lemma (TUl and Lemma [TT] we see that, for any 
t € {2, qo - 1}, the cardinality ofHtiPcx,) may be computed as 

|Hj(Poo)l = \{ia,b,c,d) e Zto : 6 G {0, 1} and a + 6 + c + d < ^}|. 

Hence, following the notation of Lemma we write 



\HtiPoo)\ 



^ |{(a,6,c,(i)e Z^o : b e {0,1} anda + b + c + d 

h=o 

j^\3-h\+j^\3-h-i\ 

h=0 h=l 
t-1 

m\+2j^\3-k\ 

/i=0 

t-1 

(^ + l)(^ + 2)/2+ ^ h^ + 3h + 2 

h=0 

i2t^ + 9t'^ + 13t + 6)/6 



h}\ 




which is the expected formula. 

(C) Since the genus of S„ is gn = qoiq - 1), we compute 2gn - 2 = 2(qo - l){q + 2go + !)• 
Hence, for t>2qo-2, the dimension of L(^(g + 2go + 1)) is given by a trivial application 
of the Riemann-Roch Theorem and the fact that dimiFL(O) = 1. 

(D) Here we assume qo<t< 2qo - 4 and set Dt := t(q + 2qo + l)Poo- A canonical divisor on 
Sn is K = {2gn - 2)Poo ~ 2{qo - l){q + 2qo + l)Poo- See also [U for details. We have a 
linear equivalence of divisors 

K-Dt~ {2qo - 2 - t){q + 2qo + DP^o- 

Since 2 < 2qo - 2 - 1 < qo - 1, thanks to step (B) we are able to explicitly compute 
dimfL(K-Dt) and obtain dimp L(Z)f) by applying the Riemann Roch Theorem as fol- 
lows: 

i2qo-t + 2\_(2qo-t\ 



dim L(Dt) = tiq + 2go + D + 1 - ^« + 
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(E) Finally, assume t = 2qo - 3 and set D := (2go - 3)(g + 2go + l)-Poo- We have a linear 
equivalence if -Z) ~ (g + 2go + 1)^*00 and so, by step (A), the dimension of L(D) is again 
computed by the Riemann-Roch Theorem. □ 

We conclude this section providing an explicit monomial basis of any Riemann-Roch space 
L{mP 00), m > 0. The following preliminary result generalizes Lemma [TTl 

Lemma 15. Let (a' ,b' ,c' ,d') e Z^q. There exists a unique ia,b,c,d) e Z^q which satisfies the 
following properties: 

0<6<1, 0<c<go-l, 0<d<qo-l, \\ia,b,c,d)\\ = \\ia' ,b' ,c' ,d')\\. 

Proof. To prove the uniqueness we may apply the same argument as Lemma [TTl which uses 
only our hypothesis on 6, c and d. Let us prove the existence. Write d' = 6qo + D with 
< Z) < go - 1 and set (ai, 61, ci,di) := (a' + 6qo, b' + 5,c',D). Write bi = 2p+B with 0<B<1, 
and set (02, 62, C2, 0/2) («i + /3,-B,ci + P,D). Write C2 = jqo + C with < C < go - 1, and define 

(a,b,c,d) := (a2 + jQo + r> &2, C,d2) = (a + 6qo + ygo + /3 + y,B, C,D). 

It is easily checked that (a, b,c,d) has the expected properties. □ 

Definition 16. Following fBI and fOl, we define the rational functions v := y^'^° + x^'^°'^-^ and 
uj ■= y^iox + v^'^°. The pole divisors of x,y,v,w are computed in [61, Proposition 1.3: 

(x)oo = gi'oo, (3')oo = (<? + <?o)^'oo, (f)oo = (<? + 2go)Poo, (m;)oo = (g + 2go + l)Poo- 

Remark 17. From the pole divisors given in the previous definition we seet that, for any 
ia,b,c,d) e Zt.Q, the pole order of x^y^v'^w^ at Poo is exactly \\ia,b,c,d)\\. 

Proposition 18. Let m > be an integer. A basis of the Riemann-Roch space L(mPoo) is 
given by all the rational functions x'^y^v'^w'^ such that: 

a,b,c,deZ>o, < 6 < 1, 0<c,d<qo-l, \\ia,b,c,d)\\ < m. 

Proof. By Lemma [151 such rational functions have different pole orders at Pco- In particular, 
they are linearly independent. By Remark 1171 they all belong to L(mPoo)- Finally, by defini- 
tion of H(Poo) and Lemma [T5l their number is dimpLCmPoo)- Hence they form a basis of the 
Riemann-Roch space L(mPoo). D 

4. Multiplication maps and their geometry 

Let Sn be the Suzuki curve defined in the Introduction and let n : Cn ^ Sn he its nor- 
malization (see Notation [5]). By Proposition [51 the linear system |(g + 2go + l)Pool defines an 
embedding (pq+2qo+i '■ Cn P'^- We setX„ := (Pq+2qo+iiCn), a smooth curve of degree g + 2go + l 
in P"^. 

Definition 19. Given non-negative integers a, b and t, we will denote by fj.(a,b) and fj^tia), 
respectively, the multiplication maps 

)u(a, b) : L{aP 00) ®UbP 00) - L((a + b)Poo), ^t(a) : LiaPoof* - UtaPoo). 

Since in the function field defined by Sn multiplication is commutative, each of the maps 
//j(a) induces a multiplication map Otia) : SHL(aPoo)) LitaPao), where S*(L(aPoo)) denotes 
the ^-th power of the symmetric tensor product. 
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Remark 20. This section is rather technical. Here we study the surjectivity of the multiplica- 
tion maps at(q + 2qo + 1), ^ > 1, introduced in Definition [T^ Interesting geometric applications 
will be shown later in the paper. The main results of this section are Proposition [25] and its 
consequences (Corollary [261). The proof of the cited proposition is splitted in Lemmas [211 [221 

Lemma 21. Let a and p be non negative integers such that a + (5 < qq-I. The multiplication 
map /i(a(g + 2go + ^),P(<1 + 2go + 1)) of Definition \W\ is surjective. 

Proof. Since a and p play interchangeable roles and the case a = is trivial, we may assume 
)6 > a > 0. Keep on mind Proposition Il8l and consider a basis element, x^y^v'^w'^, of the 
Riemann-Roch space L((a + (i){q + 2qo + l)Poo)- We clearly have 

(4) aq + biq + go) + ciq + 2qo) + diq + 2qo + 1) < (a + + 2qo + 1). 

Since a + p < qo - 1, we get a + /5<go-l< 2gQ/(2go + 1) = q/i2qo + 1). As a consequence, 
(a + ^)(2go + l) < q, i-e., qia+p + l) > (a + P)(q+2qo + l). By inequality & we have, in particular, 
(a + b + c + d)q < (a + p){q + 2go + 1) < qioc + + 1). Dividing by q one obtains a + b + c + d< 
a + p + 1 and soa + b + c + d<a + p. Now we write (a, b,c,d) - iai,bi,ci,di) + (a2,b2,C2,d2) 
with ai + bi + ci + di < a and aa + &2 + C2 + c^2 - P- It follows ||(ai,6i,ci,(ii)|| < a(q + 2qo + 1), 
\\ia2,b2,C2,d2)\\ < p{q + 2qo + 1) and so 

In other words, a generic basis element x'^y^v'^w^ e L{{a + j6)(g + 2go + l)-Poo)) is in the image 
of i^iaiq + 2qo + 1), p{q + 2qo + 1)), as claimed. □ 

Lemma 22. Let ^ > 1 be an integer. We follow the notation of Lemma [TBI Let ia,b,c,d)e J.t.Q 
with a + b + c + d <t. There exist 4-tuple {{ai,bi,Ci,di)}\^^ Q 3'i such that 

t 

ia,b,c,d)= Y,iai,bi,Ci,di). 

i = l 

Proof. We use induction on t. If t = 1 then we take (ai,bi,ci,di) := {a,b,c,d). Now assume 
a + b + c + d<t + l. Ifa + b + c + d<t then, by inductive hypothesis, we write {a,b,c,d) = 
T.l^i(cii,bi,Ci,di) with {(ai,bi,Ci,di)}*-^-^ '^S'l- As a consequence, we may define the 4-tuple 
{at+i,bt+i,Ct+i,dt+{) := (0,0,0,0)e^i and obtain {a,b,c,d) = Y!i^J^ia,i,bi,Ci,di) . On the other 
hand, ifa + 6 + c + d = ^ + l then one among a,b,c,d must be positive. Assume without restric- 
tion a > 0. Then, by induction, (a - l,b,c,d) - Y.\^-^{ai,bi,Ci,di) with {{ai,bi,Ci,di)}\^^ c g'^. 
By setting {at+i,bt+i,ct+i,dt+i) := (1,0,0,0) e STi, we have {a,b,c,d) - l.*jlliai,bi,Ci,di), and 
the lemma is proved. □ 

Lemma 23. Let m be a positive integer. Let {fi,...,fh}^ L{mPoo) be a set of rational functions 
such that for any s G H{Poo), with s < m, there exists a 1 < j < h such that (fj)oo - s. Then 
{fi,---,fh} is a generating set of L(mPoo)- 

Proof For any s e H(P), with s < m, there exists a 1 < j's - ^ such that (fj Joo = sPoo- Hence 
:= {/js : s £ H{Poo),s < m} is a set of linearly independent elements of L{mPoo) whose 
cardinality is dimFL(TOPoo)- Indeed, its elements are rational functions whose evaluations at 
Poo are distinct. Hence S^m is a basis of L{mPoo)- We conclude by observing that {fi,.-.,fh} 
contains S^m- D 

Lemma 24. Let t > 2qo + 1 be an integer. For any s e HiPoo), with s < tiq + 2qQ + 1), there 
exists a 4-tuple (a,b,c,d)e Z^q such that \\(a,b,c,d)\\ = s and a + b + c + d<t. 
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Proof. The argument is divided into two steps. 

(A) Here we assume s <tq and take any 4-tuple {a,b,c,d) such that \\{a,b,c,d)\\ = s; such 
a 4-tuple exists because s e HiPoo). If a + b + c + d>t + l, then we clearly have the 
contradiction s = \\ia,b,c,d)\\ >{t + l)q > s. Hence a + b + c + d<t, and we are done. 

(B) Now assume s > tq. Write s = a{q + 2qo + 1) - ^6 with a, fie Z>o and < p < q + 2qo. 
Since s <:tiq + 2go + 1), we have 0< a<t. Set: 



P j6-ei(2go + l) 

62 



L2go + l 



63 := )6-ei(2go + l) - 62(90 + 1)- 



Notice that 62 g {0, 1} and 63 < go- Since p < q + 2qo = {2qo + l)qo, we get ei< qo and 
the equality holds if and only if p = q + 2qo. In this case we have 62 = [qoKqo + 1)J = 0. 
Hence, in any case, ei + 62 + 63 < 2qo. We may also observe 

s>tq> {2qo + l)q > {2qo - l)iq + 2qo + 1). 

Since s - a{q + 2qQ + l)-j6 with < j6 < q + 2qo, we deduce a > 2go - 61 + 62 + 63. Hence 
61 + 62 + 63 < a < ^ and we may take a := ei, b := 62, c := 63 and d := a - ei - 62 - to 
conclude the proof. □ 

Proposition 25. Let ^ be a positive integer and let atiq + 2qo + 1) be as in Definition [191 

(1) If 1 < ^ < go then atiq + 2qQ + 1) is surjective. 

(2) If ^ > 2qo + 1 then atiq + 2qQ + 1) is surjective. 

Proof. Let us divide the proof into three steps. 

(A) Here we assume l<^<q'o-l. In the notations of Definition [191 the image of the 
map atiq + 2qo + 1) and the image of the map fitiq + 20*0 + 1) coincide. Moreover, the 
image of fj-tiq + 2qo + 1) contains the image of fj-iq + 2qo + 1,(^ - l)iq + 2qo + 1)). Since 
t = l + (^-l) <qo-l, by Lemma [M] the map iJ.iq + 2qo + l,it-l)iq + 2qo+l)) is surjective, 
and we are done. 

(B) Assume t > 2qo + 1. We recall that Liq + 20*0 + 1) has {l,x,y,v,w} as a basis. Moreover, 
l,x,y,v,w have the following pole divisors: 

(l)oo = 0, (x)oo = g, (3^)00 = <? + '?o, (i;)oo = <? + 2go, (if )oo = g + 2go + 1- 

Take any s e HiPoo) with s < tiq + 2qo + 1). By Lemma [21| there exists a 4-tuple 
ia,b,c,d)e z1.q such that \\ia,b,c,d)\\ - s and a + b + c + d < t. Thanks to Lemma [2^ we 
write ia,b,c,d) = l.\^-^iai,bi,Ci,di), with iai,bi,Ci,di) e 51 for any i £ {1,...,^}. Hence, 
for any i e {1,...,^}, we have x"-'- y^'v'^^w'^' eLUq + 2qQ + l)Poo)- Moreover, 

af(Q + 2go + l)|0 x'''y^^v'^w'^^=x''y^v'w'^ 

is a rational function in the image of at whose pole divisor is exactly sPqo- Notice 
that s is arbitrary in HiPoo) with s <tiq + 2go + !)• Hence, by Lemma [HI the image of 
atiq+2qo + l) spans the vector space L(i(g+2go+l)-Poo), i-e., atiq+2qo+l) is surjective. 

(C) Let us consider the case t = qo. By Lemma [231 it is enough to prove that for any 
s £ HiPoo), with s < qoiq + 2qo + 1), there exists a rational function, say f, in the image 
of aqQiq + 2qo + 1) with the property if)oo - sPoo- Write s - \\ia,b,c,d)\\ for a certain 
ia,b,c,d)eZt.Q. 

(C.l) If s < iqo-l)iq + 2qo + l) then, bv Lemma [TOl we conclude a + b + c + d<qo-i<qo- 
In this case we are done, as in step (B). 
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(C.2) Assume s > (qo - l)(g + 2qo + 1). If a + 6 + c + d < go then, as above, the result is 
proved. Hence we will assume a + b + c + d>qo + l for the rest of the proof. If 
a + b + c + d > qo + 2 then \\ia,b,c,d)\\ > (qo + 2)q > qoiq + 2qo + l). As a consequence, 
we have a + b + c + d < qo + 1 and soa + b + c + d = qQ + l. Assume a < go ~ 1- Then 
b + c + d >2 and so \\ia,b,c,d)\\ > (go + l)g + 2go > go(g + 2go + 1), a contradiction. 
It follows a £ {go, go + 1}, and we can study the two cases separately. 



• Ifa = go + l then clearly b = c = d = and so x*^""*"^ is a rational function 
with the expected pole divisor. Working modulo the equation of we have 
^go+i = jjQo _y (ggg [2^1^ page 4). Since v'^° and y trivially belong to the image 
of (Jgoiq + 2go + 1), x'^'^'^^ also belongs to such image. 

• If a = go and ic,d) 7^ (0,0), then \\ia,b,c,d)\\ > gog + (g + 2go) > go(g + 2go + 1), 
a contradiction. It follows c - d = and 6 = 1. Notice that x'^'^y is a rational 
function with the expected pole divisor. Moreover, x'^y = w'^° - v (again 
page 4) and so we conclude as in the previous step. □ 



Corollary 26. Let t be an integer. If 1 < ^ < go or ^ > 2go + 1 then the restriction map of 
cohomology groups pt •.H^iP'^,0p4(t)) i/°(X„,(9x„(^)) is surjective. 

Proof. Since the embedding of curves (pq+2qo+i '■ Cn Xn is induced by the linear system 
Kg + 2go + 1)^*00!, the pull-back bundle of ©xS^) through (pq+2qo+i is that associated to the 
linear system |(g + 2go + DPool- By Proposition HH the restriction map S*(i/°(P*,(9p4(l))) 
H^(Xn,©xSt)) is surjective. The thesis follows. □ 



Here we study the geometric properties of the smooth model Xn c of a Suzuki curve 
Sn- We apply the computational results derived in the previous parts of the paper in order to 
count the hypersurfaces of containing X„ (Theorem [271 ). Moreover, we provide an explicit 
geometric characterization of those of small degree (Corollarvl28D. 

Theorem 27. Let ^ be a positive integer and let J^{t,Xn) denote the F-vector space of all the 
degree t hypersurfaces of containing Xn- Let K{t,Xn) be the dimension of J^{t,Xn). The 
following formulas hold: 



Proof. The vector space J^(^,X„), whose dimension is in question, is exactly the kernel of the 
restriction map pt : H^(V>^ ,©^i{t)) i/°(Z„,^x„(0). If 2 < i < go or ^ > 2go + 1, by Corollary 
[251 Pt is surjective. It follows 

K{t,Xn) = /^°(P^(9p4(^)) - h^{Xn,©x^t)) = h\p\&piit)) - dim^Litiq + 2go + l)Poo). 



Theorem 127! allows us to geometrically charaterize all the small-degree hypersurfaces of P^ 
containing Xn . 

Corollary 28. Let Xn be the smooth projective model of the Suzuki curve Sn in P*, obtained 
through the linear system |(g + 2go + l)Pool- The following facts hold. 

(1) There exists a unique degree two hyper surface Q„ c p"* containing 

(2) Let 2 < ^ < go be an integer. The degree t hypersurfaces of P^ containing X„ are exactly 
those containing Qn- Moreover, they form an F-vector space of dimension (*^^) - {^^]. 



5. The smooth model of a Suzuki curve in P^ 




Now use the formulas given in Proposition [141 



□ 
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(3) There exist at least four linearly independent degree qo + 1 hypersurfaces of I 
taining X„ and not containing Q„. 



con- 



Proof. Let ^ > 2 be any integer. Since h^iP^,0p4(t -2)) = 0, the well-known exact sequence 
of sheaves 0p4{t-2) 0pi(t) 0Qn^t^ ~^ gives that the induced restriction map of 
cohomology groups : H^iV^ ,©f,i{t)) H^{Qn,&Q^it)) is surjective, and allows us to compute 
h'^iQn,&QSt)) = - The restriction map pt : H^iP\&p4it)) - H^(Xn,&xSt)) factors 

through p^. More precisely, we have a commutative diagram of restriction maps between 
cohomology groups: 



Pt 



Pt 



H\Xn,©Xnit)) 

(we recall that Q„ contains Since p[ is surjective, we clearly have Im(pi) = Im(p'/). Let 
us divide the rest of the proof into two steps. 

(A) Assume 2 < ^ < ^q. We proved in Corollary HB] that the restriction map pt is surjective. 
On the other hand, as in the proof of Theorem |27l h^{Xn,0Xnit)) = [^^^]-[^^^)- Hence p'l 
is bijective. It follows ker(pi) = ker(pj), i.e., every degree t hypersurface of contains 
Xn if and only if it is a union of Q„ and a degree t-2 hypersurface of P^. 

(B) Assume ^ = go + 1- Proposition [141 and straightforward computations allow us to write 
the dimension of the vector space L{t{q + 2qo + l)Poo) as 



dimFL(^(g + 2(3-0 + l)-Poo)^ 





4. 



Since X„ is obtained by embedding C„ through the linear system \{q + 2qQ + l)PooL we 
have also = (^4^) - (^I^) "4. Since p^ is surjective, dimpkerCpp = (*+^). As 

a consequence, we deduce the following inequality: 

dimFker(pi) > h\¥\0^i{t -2))-h^{Xn,©xSt)) 




Since ker(pj) c ker(pi), there must exist at least four linearly independent hypersur- 
faces of vanishing on X„ and not vanishing on Q„, as claimed. □ 

Example 29. By Proposition [THl a basis of the Riemann-Roch space L((g + 2go + l)^*oo) is 
given by {l,x,y,v,w}. Taking homogeneous coordinates {xi : X2 : X3 : X4 : X5) in P^, we assume 
without loss of generality that X^ is the embedding of C„ defined by the following relations: 



x\lxz - X, X2IX5 = y, X3/X5 = V, X4/X5 



w. 
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It is easily checked that the degree two hypersurface Q„ c defined by the affine equation 

= X1X3 +X4 contains X„. By Corollary l28l Q„ is the unique degree two hypersurface of 
containing (its equation is defined up to a scalar multiplication). The equations of two 
linearly independent degree Qq + I hypersurfaces of and not containing Q„ appeared in the 
proof of Proposition [25l step (C.2): 

As pointed out in the Introduction, we find the same equations in |[T]1, page 4. 

Remark 30. Lemma [S] provides an explicit characterization of all the very ample linear sys- 
tems of the form ImPool- We studied in details the case m = q + 2qo + 1, which provides the 
'smallest' possible embedding of C„. Other very ample linear systems can be considered, ob- 
taining projective models of Suzuki curves in higher-dimensional projective spaces. We notice 
that the smallest m > q + 2go + 1 such that \mPoo\ is very ample is 2q + 2go + 1- Moreover, 
\{2q + 2qQ + l)Poo\ embeds C„ into P^. A systematic study of higher-degree embeddings seems 
to be difficult. 

Conclusions 

In this paper we construct projetive smooth models of a plane Suzuki curve Sn through 
linear systems of the form |mPool, where Poo is the only singular point of any S„. Compu- 
tational results on the Weirstrass semigroup at Poo are applied in order to study in depth 
the smallest possible embedding X„, in P^, from a geometric point of view. In particular, 
the small-degree hypersurfaces of P^ containing X„ are characterized in Corollary [251 prov- 
ing also that the same result cannot be extended to higher-degree hypersurfaces. Moreover, 
high-degree hypersurfaces of P^ containing Xn are explicitly counted. In order to derive such 
geometric results, here we solve some one-point Riemann-Roch problems in the range which 
is not trivially covered by the homonymous theorem, providing closed formulas. 
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